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Abstract
A subtractive arc-magic labeling (SAML) of a directed graph G = (V,A) is a bijection
λ : V ∪ A → {1, 2, . . . , |V | + |A|} with the property that for every xy ∈ A we have
λ(xy) + λ(y)− λ(x) equals to an integer constant. If λ(xy) + λ(y) − λ(x) are distinct
for every xy ∈ A, then λ is a subtractive arc-antimagic labeling (SAAL). A subtractive
vertex-magic labeling (SVML) of G is such bijection with the property that for every
x ∈ V we have λ(x)+
∑
y∈V,yx∈A λ(yx)−
∑
y∈V,xy∈A λ(xy) equals to an integer constant.
If λ(x) +
∑
y∈V,yx∈A λ(yx)−
∑
y∈V,xy∈A λ(xy) are distinct for every x ∈ V , then λ is a
subtractive vertex-antimagic labeling (SVAL). In this paper we prove some existence or
non-existence of SAML, SVML, SAAL, and SVAL for several basic families of directed
graphs, such as paths, cycles, stars, wheels, tadpoles, friendship graphs, and general
butterfly graphs. The constructions are given when such labeling(s) exists.
Keywords: magic labeling, total labeling, directed graphs
1 Introduction
Let G be a simple directed graph with vertex set V and arc set A. If xy ∈ A then x is
the tail and y is the head of the arc xy. A total labeling of G is a bijection λ : V ∪ A →
{1, 2, . . . , |V | + |A|}. If x, y ∈ V and xy ∈ A, then the subtractive arc-weight of xy is
defined as wt−(xy) = λ(xy) + λ(y)− λ(x) and the subtractive vertex-weight of x defined as
wt−(x) = λ(x) +
∑
y∈V,yx∈A λ(yx)−
∑
y∈V,xy∈A λ(xy). A total labeling of G is called SAML
(or SVML) if the subtractive arc-weight of every arc (or the subtractive vertex-weight of
every vertex) in G are equal to an integer constant, which we call the magic constant µ. A
total labeling of G is called SAAL (or SVAL) if the subtractive arc-weight of every arc (or the
subtractive vertex-weight of every vertex) in G are all distinct. If these distinct subtractive
arc-weights (or the subtractive vertex-weights) can form an arithmetic sequence starting at
a with difference d, then the total labeling is denoted by SA(a, d)AL (or SV(a, d)AL).
Barone [1] defines and proves some basic results on SAML and SVML.
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Proposition 1. [1] If G is a directed cycle, G admits an SAML iff G admits an SVML.
Proposition 2. [1] If λ is an SAML on G = (V,A) then λ′ =
{
|V |+ |A|+ 1− λ(x) x ∈ V
|V |+ |A|+ 1− λ(xy) xy ∈ A
is also an SAML.
Proposition 3. [1] If λ is an SVML on G = (V,A) and deg+(x) − deg−(x) = a ∀x ∈ V ,
then λ′ =
{
|V |+ |A|+ 1− λ(x) x ∈ V
|V |+ |A|+ 1− λ(xy) xy ∈ A
is also an SVML.
Proposition 2 and 3 follows from the duality of magic labeling that are commonly known.
Barone stated that duality is preserved in subtractive magic labeling.
Proposition 4. [1] Let s be the length of the longest directed circuit in G. If G has an
SAML with magic constant µ, then
s+ 1
2
≤ µ ≤
2|V |+ 2|A| − s+ 1
2
.
Given a total labeling λ of G. λ is a strong total labeling if λ(V ) = {1, 2, . . . , |V |} and is a
strong∗ total labeling if λ(A) = {1, 2, . . . , |A|}. A graceful labeling of an undirected graph
G = (V,E) is an injective map φ : V → {1, 2, . . . , m + 1} such that {|φ(x) − φ(y)| : xy ∈
E} = {1, 2, . . . , m}. The summary of results for graceful labeling of undirected trees can be
found in [2].
Theorem 1.1. [1] If T is a tree then T has an orientation that admits a strong SAML iff
T has a graceful labeling.
In the following sections we gives some results and constructions of some subtractive magic
and subtractive anti-magic labelings for paths, cycles, stars, wheels, tadpoles, friendship
graphs, and butterfly graphs. For convenience, in this paper we use the notation {xi}
m
i=1 to
denotes the set {x1, x2, . . . , xm}. When labeling exists, only one construction is given and
the duals are left for the reader to explore.
2 Paths
In this paper the notation Pn is used for a directed path (dipath) with n vertices.
Theorem 2.1. Dipath Pn has a strong SAML for any n with magic constant µ = n.
Proof. In [3] Rosa et al. proved that undirected trees that has at most 4 end-vertices has
a graceful labeling. By Theorem 1.1, dipath Pn admits a strong SAML. The construction
of graceful labeling for undirected paths is given in multiple results, which summary can be
found at [2]. The conversion from graceful labeling to strong SAML is given in the proof of
Theorem 1.1. The construction of the strong SAML can be written directly as follows:
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Let V = {vi}
n
i=1 and A = {ai}
n−1
i=1 where ai = vi+1vi if i is odd and ai = vivi+1 if i is even.
Let λ(vi) =
i+1
2
when i is odd, λ(vi) = n + 1−
i
2
when i is even, and λ(ai) = 2n− i. Then
wt−(ai) =
{
λ(ai) + λ(vi)− λ(vi+1) = (2n− i) +
i+1
2
−
(
n+ 1− i+1
2
)
= n if i is odd
λ(ai) + λ(vi+1)− λ(vi) = (2n− i) +
(i+1)+1
2
−
(
n+ 1− i
2
)
= n if i is even
Barone in [1] describes the orientation as: for any arc, the vertex with smaller label is the
head and the one with larger label is the tail.
Theorem 2.2. Dipath Pn does not have SVML for any n.
Proof. Suppose there is an SVML λ for Pn with magic constant µ. It is easy to see that
µ 6∈ {1, 2, . . . , 2n − 1}. In any orientation of Pn there must be a vertex that only serves as
a tail for all arc(s) incident to it. Let x be such vertex with largest label, then must have
λ(x) = 2n− 1. Comparing µ with λ(x) we have that µ ≤ 2n− 2 if x is an endpoint of Pn,
and µ ≤ 2n− 4 if x is not an endpoint of Pn. Contradiction.
Theorem 2.3. Dipath Pn has a strong SA(n + 3, 1)AL for all n > 1.
Proof. Let V = {vi}
n
i=1 and A = {ai}
n−1
i=1 where ai = vivi+1 for 1 ≤ i ≤ n− 1.
Let λ(vi) = i for 1 ≤ i ≤ n and λ(ai) = 2n + 1− i for 1 ≤ i ≤ n− 1, then:
wt−(ai) = λ(ai) + λ(vi+1)− λ(vi) = 2n + 2− i for 1 ≤ i ≤ n− 1
Hence wt−(ai) ∈ {n+ 3, n+ 4, . . . , 2n+ 1} for 1 ≤ i ≤ n− 1.
Theorem 2.4. Dipath Pn has a strong
∗ SV(n, 1)AL for all n > 1.
Proof. Let V = {vi}
n
i=1 and A = {ai}
n−1
i=1 where ai = vivi+1 for 1 ≤ i ≤ n− 1.
Let λ(vi) = 2n− i for 1 ≤ i ≤ n and λ(ai) = i for 1 ≤ i ≤ n− 1, then:
wt−(v1) = λ(v1)− λ(a1) = 2n− 2
wt−(vn) = λ(vn) + λ(an−1) = 2n− 1
wt−(vi) = λ(vi) + λ(ai−1)− λ(ai) = 2n− 1− i for 2 ≤ i ≤ n− 1
Hence wt−(vi) ∈ {n, n+ 1, . . . , 2n− 1} for 1 ≤ i ≤ n.
3 Cycles
Theorem 3.1. Directed cycle (dicycle) Cn have neither SAML nor SVML for any n.
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Proof. Suppose there is an SAML λ for Cn with magic constant µ. It is easy to see that
µ 6∈ {1, 2, . . . , 2n}. Using s = n for Proposition 4 we have n+1
2
≤ µ ≤ 3n+1
2
. Contradiction.
By Proposition 1 Cn also does not have SVML.
Theorem 3.2. Dicycle Cn has a strong SA(n + 1, 1)AL and a strong SV(1, 1)AL.
Proof. Let V = {vi}
n
i=1 and A = {ai}
n
i=1 where ai = vivi+1 for 1 ≤ i ≤ n− 1 and an = vnv1.
Let λ(vi) = i for 1 ≤ i ≤ n, λ(ai) = 2n− i for 1 ≤ 1 ≤ n− 1, and λ(an) = 2n. Then:
wt−(an) = λ(an) + λ(v1)− λ(vn) = n + 1
wt−(ai) = λ(ai) + λ(vi+1)− λ(vi) = 2n+ 1− i for 1 ≤ i ≤ n− 1
Hence wt−(ai) ∈ {n+ 1, n+ 2, . . . , 2n} for 1 ≤ i ≤ n. Also:
wt−(vn) = λ(vn) + λ(an−1)− λ(an) = 1
wt−(vi) = λ(vi) + λ(ai−1)− λ(ai) = i+ 1 for 1 ≤ i ≤ n− 1
Hence wt−(vi) ∈ {1, 2, . . . , n} for 1 ≤ i ≤ n.
4 Stars
Let Sn denotes a directed star (distar) with v0 as the center and v1, v2, . . . , vn as the leaves.
Theorem 4.1. Distar Sn has a strong SAML with magic constant µ = 2(n+1) for all n ≥ 1.
Proof. Let λ(v0) = 1 and λ(vi) = i+ 1 for 1 ≤ i ≤ n.
Let ai denotes the arc v0vi and let λ(ai) = 2(n + 1)− i for 1 ≤ i ≤ n.
Then wt−(ai) = λ(ai) + λ(vi)− λ(v0) = 2(n+ 1).
Theorem 4.2. Distar Sn has an SA(2n+ 2, 2)AL for all n.
Proof. Let λ(v0) = 2n+ 1 and λ(vi) = i for 1 ≤ i ≤ n.
Let ai denotes the arc viv0 and let λ(ai) = 2n + 1− i for 1 ≤ i ≤ n.
Then wt−(ai) = λ(ai) + λ(v0)− λ(vi) = 4n+ 2− 2i for 1 ≤ i ≤ n.
So we have wt−(ai) ∈ {2n+ 2, 2n+ 4, . . . , 4n}.
Theorem 4.3. Distar Sn has a strong
∗ SVAL for all n.
Proof. Let λ(v0) = 1 and λ(vi) = n+ 1 + i for 1 ≤ i ≤ n.
Let ai denotes the arc viv0 and let λ(ai) = n + 2− i for 1 ≤ i ≤ n. Then
wt−(v0) = λ(v0) +
∑
i
λ(ai) = 1 + 2 + . . .+ (n + 1) =
1
2
(n+ 1)(n+ 2)
wt−(vi) = λ(vi)− λ(ai) = 2i− 1 for 1 ≤ i ≤ n
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Hence wt−(vi) ∈ {1, 3, 5, . . . , 2n− 1} for 1 ≤ i ≤ n.
Since 1
2
(n+ 1)(n+ 2) > 2n− 1 for all n, we have all wt− are distinct.
Conjecture 1. Distar Sn does not have an SVML for any n.
Suppose there is an SVML for Sn with magic constant µ. One can verify that the center
v0 can not be exclusive tail or exclusive head. Since v0 serves as head for some arc(s),
then the label of the tail of those arc(s) forces µ < 2n + 1, that is, µ is one of the label.
Hence µ can only be either the label of an arc viv0 (v0 as head), or the label of v0. If wlog
µ = λ(v1v0), then λ(v1) = 2µ and so µ ≤ n. Taking the other n − 1 pairs (λ(vi), λ(ai))
from {1, 2, . . . , 2n + 1} − {µ, 2µ} for the star’s legs, we have the leftover label for v0 is in
{n+ 1, n+ 2, . . . , 2n+ 1} − {µ}. But then wt−(v0) > n since there are more arcs with v0 as
head, and the arcs with v0 as tails has smaller labels, and so wt
−(v0) > µ. Contradiction.
The only case left is when λ(v0) = µ.
5 Wheels
Let Wn denotes a directed wheel with V (Wn) = {v0, v1, . . . , vn}, where v0 is the center.
Theorem 5.1. Directed wheel Wn has an SVAL labeling for n ≥ 3. For n = 3, it is an
SV(n + 1, 2)AL.
Proof. Let A(Wn) = {a1, a2, . . . , an, b1, b2, . . . , bn} where ai = viv0 for 1 ≤ i ≤ n, bi = vivi+1
for 1 ≤ i ≤ n− 1, and bn = vnv1.
Let λ(v0) = 1 and λ(vi) = 3n+ 1− i for 1 ≤ i ≤ n− 1, and λ(vn) = 3n+ 1.
Let λ(ai) = i+1 for 1 ≤ i ≤ n, λ(bi) = n+2+ i for 1 ≤ i ≤ n− 1, and λ(bn) = n+2. Then
wt−(v0) = λ(v0) +
∑
i
λ(ai) =
1
2
(n+ 1)(n+ 2)
wt−(vi) = λ(vi) + λ(bi−1)− λ(bi)− λ(ai) = 3n+ 1− 2i for 1 ≤ i ≤ n− 1
wt−(vn) = λ(vn) + λ(bn−1)− λ(bn)− λ(an) = 3n− 1
Hence {wt−(vi)}
n
i=1 = {n+1, n+3, . . . , 3n−1}. Since
1
2
(n+1)(n+2) > 3n−1 for all n ≥ 3,
we have all wt− are distinct. For n = 3, 1
2
(n + 1)(n + 2) = 10 while 3n− 1 = 8, so we have
an SV(n + 1, 2)AL. For larger n, wt−(v0) =
1
2
(n+ 1)(n+ 2) grows faster as n increases.
6 Tadpoles
Let (n, t)-tadpole denotes a directed tadpole obtained by connecting a dicycle Cn and a
dipath Pt using an arc. Let the vertex set of the cycle part be {vi}
n
i=1 and the vertex set
of the path part be {ui}
t
i=1. Let the arc set be {ai}
n
i=1 ∪ {bi}
t−1
i=1 ∪ {c} where ai = vivi+1 for
1 ≤ i ≤ n− 1, an = vnv1, bi = uiui+1, and c = utv1.
7 FRIENDSHIP AND GENERAL BUTTERFLY 6
Theorem 6.1. (n, t)-tadpole has a strong SAAL.
Proof. Let λ(v1) = t+ 1, λ(vi) = n+ t + 2− i for 2 ≤ i ≤ n, and λ(ui) = i for 1 ≤ i ≤ t.
Let λ(ai) = n+ t+ i for 1 ≤ i ≤ n, λ(bi) = 2n+2t+2− i for 1 ≤ i ≤ t, and λ(c) = 2n+ t+1.
Then
wt−(a1) = λ(a1) + λ(v2)− λ(v1) = 2n+ t
wt−(ai) = λ(ai) + λ(vi+1)− λ(vi) = n+ t− 1 + i for 2 ≤ i ≤ n
wt−(c) = λ(c) + λ(v1)− λ(ut) = 2n+ t+ 2
wt−(bi) = λ(bi) + λ(ui)− λ(ui−1) = 2n+ 2t+ 3− i
Hence we have {wt−(ai)}
n
i=1 = {n+t+1, n+t+2, . . . , 2n+t} and {wt
−(c)}∪{wt−(bi)}
t
i=1 =
{2n+ t+2, 2n+ t+3, . . . , 2n+ 2t+ 2}. Since the weight 2n+ t+1 does not exist then λ is
an SAAL but not an SA(a, d)AL.
Theorem 6.2. (n, t)-tadpole has a strong∗ SV(n + t+ 1, 1)AL.
Proof. Let λ(v1) = n+ t+1, λ(vi) = 2n+ t+2− i for 2 ≤ i ≤ n, and λ(ui) = 2n+2t+1− i
for 1 ≤ i ≤ t. Let λ(ai) = t+ i for 1 ≤ i ≤ n, λ(bi) = i for 1 ≤ i ≤ t, and λ(c) = t. Then
wt−(v1) = λ(v1) + λ(an) + λ(c)− λ(a1) = 2n+ 2t
wt−(vi) = λ(vi) + λ(ai−1)− λ(ai) = 2n+ t+ 1− i for 2 ≤ i ≤ n
wt−(u1) = λ(u1)− λ(b1) = 2n+ 2t− 1
wt−(ui) = λ(ui) + λ(bi−1)− λ(bi) = 2n+ 2t− i for 2 ≤ i ≤ t− 1
wt−(ut) = λ(ut) + λ(bt−1)− λ(c) = 2n+ t
Hence we have the subtractive vertex-weights are {n+ t+ 1, n+ t+ 2, . . . , 2n+ 2t}.
7 Friendship and General Butterfly
Let Fn denotes a directed friendship graph constructed by joining n copies of the dicycle C3
with a common vertex, call this common vertex x. Let {vi1, vi2}
n
i=1 be the other two vertices
in the ith dicycle. For 1 ≤ i ≤ n let the arcs be ai0 = xvi1, ai1 = vi1vi2, and ai2 = vi2x.
For convenience define the ordered m-tuple notation:
λ(pi, p2, . . . , pm) = (q1, q2, . . . , qm) means λ(pj) = qj for 1 ≤ j ≤ m
wt−(pi, p2, . . . , pm) = (q1, q2, . . . , qm) means wt
−(pj) = qj for 1 ≤ j ≤ m
Theorem 7.1. Directed friendship graph Fn has a strong SA(2n+ 2, 1)AL.
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Proof. Let λ(x) = 1, and let
λ(v11, v21, . . . , vn1) = (2, 3, . . . , n+ 1)
λ(v12, v22, . . . , vn2) = (n+ 2, n+ 3, . . . , 2n+ 1)
λ(a10, a20, . . . , an0) = (2n+ 2, 2n+ 3, . . . , 3n+ 1)
λ(a11, a21, . . . , an1) = (3n+ 2, 3n+ 3, . . . , 4n+ 1)
λ(an2, a(n−1)2, . . . , a12) = (4n+ 2, 4n+ 3, . . . , 5n+ 1)
Hence we have
wt−(an2, a(n−1)2, . . . , a12) = (2n+ 2, 2n+ 4, . . . , 4n)
wt−(a10, a20, . . . , an0) = (2n+ 3, 2n+ 5, . . . , 4n+ 1)
wt−(a11, a21, . . . , an1) = (4n+ 2, 4n+ 3, . . . , 5n+ 1)
Combined we have the subtractive arc-weigts are {2n+ 2, 2n+ 3, . . . , 5n+ 1}.
A butterfly graph (bow-tie graph, hourglass graph) is a planar graph constructed by joining
two copies of the cycle graph C3 with a common vertex and is therefore isomorphic to the
friendship graph F2. Let En denotes the directed general butterfly graph that constructed
by joining two copies of the dicycle Cn at a common vertex. Note that E3 ∼= F2.
Let {vi}
n
i=1 and {ui}
n
i=1 be the vertices of the two dicycles and let x = vn = un.
Let ai = vivi+1 and bi = uiui+1 for 1 ≤ i ≤ n− 1, and let an = vnv1 and bn = unu1.
Theorem 7.2. Directed general butterfly graph En has a strong SA(2n, 1)AL.
Proof. Let λ(x) = 2n− 1. Let λ(vi) = 2n− 1− 2i and λ(ui) = 2n− 2i for 1 ≤ i ≤ n− 1.
Let λ(ai) = 4n− 1− 2i and λ(bi) = 4n− 2− 2i for 1 ≤ i ≤ n− 2.
Let λ(an−1, bn−1, an, bn) = (2n + 1, 2n, 4n− 2, 4n− 1). Then
wt−(ai) = λ(ai) + λ(vi+1)− λ(vi) = 4n− 3− 2i for 1 ≤ i ≤ n− 2
wt−(bi) = λ(bi) + λ(ui+1)− λ(ui) = 4n− 4− 2i for 1 ≤ i ≤ n− 2
wt−(an−1) = λ(an−1) + λ(x)− λ(vn−1) = 4n− 1
wt−(bn−1) = λ(bn−1) + λ(x)− λ(un−1) = 4n− 3
wt−(an) = λ(an) + λ(v1)− λ(x) = 4n− 4
wt−(bn) = λ(bn) + λ(u1)− λ(x) = 4n− 2
Combined we have the subtractive arc-weigts are {2n, 2n+ 1, . . . , 4n− 1}.
Theorem 7.3. Directed general butterfly graph En has a strong
∗ SVAL.
Proof. Let λ(x) = 4n− 1. Let λ(vi) = 2n− 1 + 2i and λ(ui) = 2n+ 2i for 1 ≤ i ≤ n− 1.
Let λ(ai) = 2n− 1− 2i and λ(bi) = 2n− 2i for 1 ≤ i ≤ n− 1.
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Let λ(an) = 2n− 1 and λ(bn) = 2n. Then
wt−(x) = λ(x) + λ(an−1) + λ(bn−1)− λ(an)− λ(bn) = 3
wt−(v1) = λ(v1) + λ(an)− λ(a1) = 2n+ 3
wt−(u1) = λ(u1) + λ(bn)− λ(b1) = 2n+ 4
wt−(vi) = λ(vi) + λ(ai−1)− λ(ai) = 2n+ 1 + 2i for 2 ≤ i ≤ n− 1
wt−(ui) = λ(ui) + λ(bi−1)− λ(bi) = 2n+ 2 + 2i for 2 ≤ i ≤ n− 1
Combined we have the subtractive arc-weigts are {3} ∪ {2n+ 3, 2n+ 4, . . . , 4n}.
Since 2n+ 3 > 3 for all n we have all wt− are distinct.
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